PwA Cheatsheet

Common Distributions

Discrete
Name pmf cdf mean | variance -
FlGmp) = PrX <k) = Continuous
Binomial(n,p) (z ) pk(1—p)r* Zlk’J E“)pi(l —p);_i np np(1—p) Name pdf cdf mean | variance
- - L0 0 forx <a
- - =1\ req )T - L p = f b
Neg. Binomial(r,p) (S)p'a-p) P s Uniform(a,b) { ot G.[a, ] 3= forxe(a,b) # (bI;)Z
0 fork<0 0 otherwise
. q=(1—p) fork=0 1 forx > b
Bernoulli(p) for k=1 1-p for0<k<1 p p(1—p) 3 A=Y 3 . 5
p N 1 fork>1 Normal(u, w*) ‘/me 202 §[1+erf(a_ﬁ)j| w o
Uniform(a,b) %, n=b—a+1 WTGH # (b—ﬂ;rzl)z—l Exponential(A) | Ae™** 1—e M 1/A 1/22
Geometric(p) p(1—p)~? 1-(1-p) ,l, 1}7;217 vl q Hazard/Fallur'e R‘?)te Functlons "
Tiypergeometric(N.Kn) TR p o Survival Hazar - Distribution i Rate Boo
) kJ\n—k _ K K N— —n & _ _ St —
" successes € N, K suc € N' —(lr\{) ny ny~N N—1 F(t)=1—F(t) | AMt)= o) F(t)= 1—exp{—f0 A(t)dt} | A p217
Poisson(A) Ak]f!_k e Z,Lijo 7:_[’ A A
Events Random Variables (Discrete) Random Variables (Continuous) II
Sample Space S = {all possible outcomes} Distribution Func- _ 0
Event EcS tion HTGE) = PhE S fx(x)= fle,y)dy
- . - . —&9
Union (either or EUF Proba.blhty Mass p(x) = PX = x Marginal pmfs -
both) Function Fr )= Fx,y)dx
Intersection (both)  ENF or EF ) » PX =xandY =y) ea
Complement EC = S\E = P(E®) = 1— P(E) doltits WBEBAN s i 59
Inclusion- Mass Function
Exclusion < P(AUB) = P(A) + P(B)— P(ANB) =PX=x|Y=y)P(Y=y)
1. (EyU...UE)°=ESn...nES Expectation ELX] = Fp»0 XP(X) : .
DeMorgan’s Law " 1 n < note: E[gX)]=>.,. (x)p(x) More on Expectation, Variance, ..
3 2. (E,n...nE)° =ESU...UEC & x:p(x)>0 815D
< 7 1 n ] Var(X) = E[(X — E[X])?] E[X+Y]=E[X]+E[Y]
1L 0<P(E)<1 Variance ) 5 E[aX]=aE[X]
Axioms 2. P(S) = E[X"]-(E[X]) Var(X + a) = Var(X)
3. For mutually excl. events A;,i > 1: Standard Deriva-

Var(aX + b) = a®Var(X)

P(UZA) =27 P(A) tion g = Var(X)
Fini — i=1 = — Var(X +Y) = E[(X + Y)?]— (E[X + Y ])?
inite S, Equal Probability P(A)=|A|+|S| X Cov(X,Y)=E[(X —E[X])(Y —E[Y])]
for all point sets: ’ Covariance = E[XY]—E[X]E[Y] =E[X2 +2XY+Y2]—(E[X]+E[Y])2
_ P _ _PA
0Odds of Event a

— P(AC) — 1—-P(A) Moment Gener. Function M(t) = E[etX] (same for continuous RVs)

Conditional Probability and Independence I Random Variables (Continuous) I

= E[X%]+2E[XY]+E[Y?]—
(E[X1)* —2E[X]E[Y]— (E[Y])?

Conditional Proba-

Probability Density

__ P(FNE)
bility P(F|E)= P(E) Function
Independence if P(FNE)=P(F)P(E) l?iStribution Func-
. P(E1Ey---E,) = P(E;)P(Ey | E1)---P(E, | tion
Multiplication Rule By E, ) n n Expectation
Bayes Formula __ P(BJA)P(A) —note:
(simple) PA|B)= P(B)
Bayes Formula . _ _P@BIADPA) | Variance
(full) P(4; |1 B) = s—miayraan .
Conditional — pmf — p(y) Standard Deriva-
(discrete) pxy(x|y)= py(y) tion
Conditional df .
(discrete) . Fxjy (x [¥)= Zagx pxjy(a [¥) Covariance
Conditional Den- Fley)
: ; fxy (e ly) =72
sity (continuous) ) Joint  Probability

Conditional Prob-
abilities (continu-
ous)

PX€A|Y =y} = [, frr(x | y)dx

Mass Function

f such that P{X € B} = fo(x)dx

F such that %F(x) =f(x)

E[x]= [ xf(x)dx

E[g(X)]= [, g(x)f (x)dx

Var(X) = E[(X — E[X])?]

=E[X?]— (E[X])?

=Var(X)+ Var(Y)+2(Cov(X,Y))
= E[f(X)g(Y)]=E[f(X)]E[g(Y)]
= E[XY]=E[X]E[Y]
= Cov(X,Y)=0
= Var(X +Y)=Var(X)+Var(Y)

Correlation corr(X,¥) = p(X,Y) = ——2&1)
? ’ A/ Var(X)Var(Y)
1. -1<pX,V)<1

Independence

o =+/VarX) 2. Independence = p(X,Y)=0
Cov(X,Y) = E[(X — E[X])(Y —E[Y])] Y=mX+cm,m#0andc:
=E[XY]—E[X]E[Y] 3. m>0=pX,Y)=1
P{X,Y)eC}= f(x,y)dxdy m<0=pX¥)=-1
(x.y)ec E[X]=E[E[X | Y]]

P{XeA,YeB}:fff(x,y)dxdy
BJA

Disc.: E[X]=3}, E[X|Y =y]P{Y =y}
Cont.: E[X]= [0 E[X|Y =ylf,(y)dy

= Var(X) + Var(Y) + 2(E[XY]— E[x]E[Y])




Combinatorial Analysis

Order matters and k = n Permutation
Order does matter and k < n Variation
Order does not matter and k < n | Combination

Counting

Basic Counting
Principle
Permutations
(without Repeats)
Permutations

(with Repeats)
Variations

(without Repeats)
Variations

(with Repeats)
Combinations
(without Repeats)
"Binomial Coefficient"
Multinominal Coef-
ficient
Combinations
(with Repeats)

Experiments Eq, E,, ..E, with nq,n,,..n, pos-
sible outcomes. Total outcomes: [ [} n;

nl=n-(n—1)-...-1

B=n-(n—-1)-...-(k+1)

n-(n=1)-...-(n—k+1)= 4

(n—k)!
n-...-n= nk
——r
k-times
n! _ n(n—-1)(n—=2)....n—k+1) _ ( n _(n
(n—k)'k! — k! - (n—k) - (k)
n! _ n!
nylngl..n.! = (nl,nz,...,nr)

"divide n into r non-overlapping subgroups of sizes n1,n2,.."

o = (") =035

Limit Theorems
Xl +X2+...+Xn —nu

Central Limit Theo-
rem

Weak Law of Large
Numbers

Strong Law of
Large Numbers
Markov’s Inequal-

ity

Chebyshev’s In-
equality

<

One-sided Cheby-
shev (mean 0)

Chernoff Bounds

7 =
" ovn

Then as n — 0o

RO | 1
P(Z,<x)— ——exp(—=u?)du
(Z, <) f_mm p(—5t®)

i.e.P(Z, <x)— P(Y <X)where Y ~N(0,1)
E[X;]=u VarX;)=o0>

1
Sp = r—l(X1+...+Xn)

then for any € > 0
Jim P(ls,—p|>€)=0

P{lim, ,oo(X; +X5+...+X,)+n=pu}=1
p{x=a} < #
E[Y?] < 00, Ya> 0.
1
P(|Y |= ZE[Y?])
a

2
P{X-plza}<
a

0.2
P{X=a}<
¢ ) 2 4= a2
P{X>a}<e "M(t) t>0
P{X<a}<e ™M(t) t<O

Markov Chains
Discrete

P; j = P(system is in state j at time n+ 1| system in state i at time n)

P11 P12 Pin

P21 P22 P2,n
Transition Matrix: P = . . .

DPn1  Pn2 Pnn

Probability vector 71(™: Probabilities that we are in state i at n.
n(+l) — (Wp
7 = 70 pn
A Markov Chain is ergodic(aperiodic and irreducible) iff there exists

n € N* such that P" has no zero entries. It then has a Steady State

Probability vector 7 = lim,,_, 0o 7™ independent of (?,

1. mp+m+...+1y—1=1

2. m=nP

Continuous

Poisson
~ At)k
Pl =k = C o i

1. For any fixed t, N(t) is a discrete RV
2. N(0)=0
3. # of events in disjoint intervals are independent
4. N(t+h)—N(t)=# of events in [t,t +h] for h — 0O
5. P(N(h) = 1) = P(event occurs in [t, t + h]) = Ah + E(h)

(E(h)/h — 0,as h— 0)
6. +P(N(h)=2)—0,ash—>0

Birth-Death

Birth Rates A;;., = b;
Death Rates A;;_; =d;
Ajj =0, otherwise
— Have steady state prob. vector if b;s and d;s are non-zero and we

have a finite number of states.

1. mp+m+...+1y—1=1
_ bobj
2. ﬁj—mﬁo

M/M/S Queue

Customers arrive with Poisson Process rate A, S servers, Service time
exponentially distributed with mean % State j = j customers in queue,

ju, j=1,2,...,5
bj=ad; =1’
Sp, j=S

— Has steady state prob. vector if A < Spu.

M/M/1 Queue

n;=(1~— ﬁ)(%)j’ Mean Queue Length E[J] = ﬁ

Surprise, Uncertainty & Entropy
H(X) := =2 P« (xi)l0gpx (xi)

Ent
e (0l0g5(0) :=0)
S(X = xi) =—logapy(xi)
1. S(1) =0 # S(0) (which is undefined)
2. S decreases: p <q=S(q) <S(p)

3. S(pq) =S(p) +S(q)
If S is continuous and these are satisfied,

3¢ > 0.VYp €[0,1], S(p) =—€1log(p)
H(X,Y) 5:—Zj D Pxy (X5, yiologapx v (X, yi)
Hy_, (X):=

Surprise
— Properties

Average Uncer-

tainty

Uncertainty of X
given Y _ZpX|(Y:yk)(xj)ZOgZPXKY:yk)(xj)

J

Conditional En-
onaiional B gy (0) := S Hy—y, Xy ()

tropy

Coding Theory

A map from {x;} C R into sequences of 0’s
and 1’s. Sequences are called code words.
X — 0111 =n+k=

E[€] = D3 mepi = D e P(X = xp)

Code €

Code Word length
Expected Length of

Code €
No code word extends another one:
X v’
Acceptable Code 550 50
X9—00 [ x9—10

For any acceptable code assigning n; bits to
Xy the following holds:

Noiseless Coding E[¢] =anpk > H(X) =—Zpklog2pk
Theorem P X
Where p, = P(X = x;) and ny length of a
codeword associated with x;
For any discrete RV X there exists an accept-
able code with the expected length E[¢] =L
such that
— Thrm

HX)<L<HX)+1

Algorithm for finding an acceptable code with expected length
H(X)<E[¢]=L <H(X)+1 for discrete RV X:

1. Let n; be the integer satisfying —log,p; = nj < —logyp; +1
2. Find any acceptable code assigning n; bits to x;

There is no unique nearly-optimal code in general. Optimal or
nearly-optimal coding depends on the pmg of X.

Common Moment Generating Functions M(t)

Binomial (pet +1—p)"

Neg. Binomial [(pe)+(1—(1—pleH)]
Poisson exp(A(ef —1))

Uniform (et —ef) = (¢(b—a))
Exponential A+=(A—1t)

Normal exp(ut + ((02t2) = 2)




